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1. Introduction 

The recent astrophysical observation of the accelerating expansion [1,2] of the Universe 
indicates that the cosmological constant A has a small nonzero value. However, the origin 
of the cosmological constant A is still unclear [3]. Its origin may be connected, for example, 
with the presence of some scalar fields [4]. The string inspired gravity is much richer than 
the Einstein one including several types of scalar fields (dilaton or moduli fields). What is 
more, the interaction with the background strings may also a produce chaos [5]. Similarly, 
the cosmological constant may gain small stochastic component [6]. 

The main aim of this work is to examine how small stochastic fluctuation influence the 
cosmological expansion. 

2. The classical cosmology 

Let us start with the general gravity with some scalar field and ordinary dustlike matter. 
The scalar field 4> may be the remnant of the hybrid inflation model [7] (the "waterfall" 
field). In the original hybrid inflation model [7] we have two scalar fields: the inflation field 
and the "waterfall" field 4> described by the potential 



Fluctuations of the (/9 late in the inflation period deminishes and (f) goes to (f^o. However, 
they may be a source of the chaotic fluctuation at the present time. The Lagrange function 
of the system has correspondingly three terms 




(2.1) 
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which describes the Einstein gravity Lg, the "waterfall" field and the dustlike matter 
Lm The scalar potential 

U{cl))=Uo{cl))+eJs^ (2.5) 

consists of the nonlinear part C/o(0) with a local minimum at (po and a scalar external source 
Js with a scalar charge e. The scalar potential Uo{(p) is the remnant from the inflation epoch. 
The main assumption of this work is that the scalar external source Jg has the stochastic 
nature. 

The Euler-Lagrange equations of the system (|2.2D give the Einstein's equation 



R^, - ^Rg^, = = -'^ (t^^- + (2-6) 

where k = SirG [in c = h = 1 units) together with the equation for the scalar field (p. 
In this equation the fluid is described by the energy-momentum tensor in the standard 
form TJ^ = (p + p)Ufj_Uu + Pg^u ( is the fluid four- velocity, p is the energy density in 
the rest frame of the fluid and P is the pressure in that same frame). For scalar field the 
energy-momentum tensor has the form Tfl,^ = 8^4)8^4) — g/n/L^. 
The Lagrange- Euler equation of the (p field is 

where □/ = —^^^d^{yj—gg^'^dyf) is the d'Alembert operator in a curved space-time. In 
vacuum (when Js = 0) the static local extremum generates the effective cosmological 
constant A° with 0° = p^^j Pc, with p° = U{(/)o). 

The space-time interval ds of the Friedman-Robertson- Wolker (FRW) metric is written 
in the standard way 



ds'^ = g^ydx^dx"" = c^df - a^{t) 



'^^ +r^de^ + smHd4>^) 



1 — kr"^ 
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Calculating the Einstein's equations (|2.6|) for the metric (|2.8D we get two independent 
equations. The first is known as the Friedman equation, 

Here the over-dot denotes a derivative with respect to cosmic time t . This equation is a 
constraint equation, in the sense that we are not allowed to freely specify the time derivative 
d; it is determined in terms of the energy density and curvature. The second equation, which 
is an evolution equation, is often combined with the first one ( |2.9| ) to obtain the acceleration 
equation 

d 47rG f P\ K , , 

The equation (|2.7D for the scalar field 4> now takes the form 

<^ + 3^<^ = ^ + eJ. (2.11) 



-2- 



The substitution 

ait) = exp{a{T)) (2.12) 
transforms the Friedman equation (|2.9D into the following equation 

■£] =0^e"3- + l^^ (2.13) 

where t = tnT = Hq^t and Ho is the Hubble constant at the present time io and il. = p/pc 
is the density parameter (in case of the flat universe (A; = 0) in dust era {P = 0)). The 
acceleration equation ( p. 10]) together with the first Friedman equation (|2.13| ) give 

Close to the minimum the potential C/o((/>) ~ ^m'^{(l) — 0o)^ with = 2X(f>Q. Equation for 
the scalar field (^) now takes the form 

d'^(j) dad(f> 1 dUo 2/, - ^ , ^o1t;^ 

+ ^^Tr = -Hl^ - ~ - 00) - M (2.15) 

where 

m, J, 

is the dimensionless scalar mass and source term. The main assumption of this work is that 
the scalar field close to the local extremum has partly small stochastic contribution coming 
from the stochastic source r/. In the result the effective cosmological term with a small 
stochastic contribution originated from the stochastic part of the scalar density 5p = eJs4>o 

nA = nl + eXr] (2.17) 

appears with the dimensionless factor 

In cosmology the equation ( p. 151 ) plays the role of the Lagrange equation. The stochastic 
fluctuations of the cosmological constant will produce the change of scalar field 

<P = (f>o + e(l)oF{T) (2.19) 

and metric 

a{t)=aoit)+e(^^^'^X{T). (2.20) 

Here e is a small perturbation parameter (e <C 1). The fluctuation of the a{t) field around 
the classical CFo{t) means that also the scale factor will fluctuate around the classical one 
(ao(t) = exp{ao{T))) 

a{t) = ao {t){l + eX (t)) 
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together with metric 
where 

h 



/O \ 

-2ao{t)X{t) 

-2ao{t)X{t) 
\ -2ao{t)X{t)J 

describes the space fluctuation around the classical metric 

/I \ 

-alit) 



-am 



\ 



The linearization of the equation for the scalar field (|2.15|) gives 

cPF dao{T)dF ^. 



+ 3- 



dr dr 



+ fi^F = -T] 



(2.21) 



The linearization (eqs. p.l7 and |2.20| ) using the equation ( 2.13 ) leads to the stochastic 
differential equation 

— 2^ (2-22) 



dr 



2 ( 

dr 



When T] represents the white noise [SQa = rf) its correlation function obeys 

< ri{r)ri{r') >= D6{t - t') 

with 6{t) being the Dirac distribution. 

The solution of the deterministic differential equation 

2 



(2.23) 



with the present time to ( or tq) defined as (ao(To) = or ao(to) = 1) 



To 



tH 



zarcsinh{^/ZjQ) 



(2.24) 



(2.25) 



and ujQ = defined by the deterministic cosmological constant =< I^a >• The 

deterministic solution is 



and 



o-o(t) = 3 In 



zsinh 



/^(i^/^Ir) ^ 



(2.26) 



(2.27) 
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3. The stochastic solution 



The linear stochastic differential equation (SDE) [8] ( 2.22 ) may be rewritten in the following 
form 

dX (t) = f{T)X {T)dT + d{T)dWr (3.1) 

where f{ao{T) is the drift coefficient , ^(t) is the diffusion coefficient and Wr is a Wiener 
process which represents intrinsic noise (white noise) {6QAdt — > dWt). These differential 
equations are easy to solve numerically [9]. The formal solution of the equation ( |3.1| ) has 
the following form 



X(r) = exp(^y ds f is) j i^X (to) + J dW,exp\^-J dsfis)jd{s)j (3.2) 
The linearized equation ( |2.22| ) is the generalized stochastic equation ( |3.1| ) with: 



f{r) = 
d(r) - ' 



(3.3) 



where the diffusion coefficient depends straightforward on o"o(t) ( |2.26 ). The solution for 
X (r) takes the simple form: 



TO ( d^ai") 
\ ds 



The mean value of X (r) takes the form: 

(X(r))=X(ro) 

According to the equation (|2.20| ) the perturbative solution for a{T) may be rewritten as 



^(r)=ao(r) + 6^(X(ro) + |4^^ 

ds 



1 



dW, 



^o(r)+6^(X(ro) + A/^ 



A (-T 



1 



TO ( daa(s) ^ 
ds 



where ao(T) = exp{aQ{T)) is the deterministic scale factor and Hq{t) = do{T) / ao{T) is the 
deterministic Hubble parameter. 

daoir) 



dT 



tanh {^^JQ.\T) 



When the stochastic fluctuations are small enought {5a{T)) we get 

/ 



a(T) = ao(r) + (5a(r) = ao(T) + eao(r) 



^ J TO / '^"•O(^) 
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deterministic 
stochastic 




Figure 1: The scale factor variation with time for deterministic (the black curve) and stochastic 
expansions (the red one ( |3.5|) ). {X{to) = 0, e = 0.5, D = 5.0, A = 0.5 for example) 



The average calculated with respect to the stochastic process gives 



< a(r) >=ao(T)(e^^« + 



r 



ds 



TO ( da-o(s) \^ Jtq ( dtT()(z) 



Using ( 2.23| ) and assuming that Xq = X(to) = we get 

/ 

< a(r) >= ao(r) 



ds 



TO ( dcT0{s) ^ ^ 



+ 



For late evolutionary times 

< a{r) >= ao(r) (l + ^(eA)^!)^ (^^) ^ " 



+ 



(3.5) 



So, if the cosmological constant A has a stochastic component 6Q,\ then the average scale 
factor < a(r) > will grow more strongly than in the deterministic case (Fig. [I]). 

4. Conclusion 

In conclusion, the "waterfall" field in the hybrid inflation model as a source of the stochastic 
process will influence and increase the Universe expansion. It is also a source of the small 
effective cosmological constant A ( 2.17| ). 
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